ABSTRACT. We study singular contact structures, which are tangent to a given smooth hypersurface Z and satisfy certain transversality conditions. These singular contact structures are determined by the kernel of non-smooth differential forms, called b m -contact forms having an associated critical hypersurface Z. This article has three parts. In the first part we provide several constructions, prove local normal forms and study the induced structure on the critical hypersurface. In the second part we tackle the problem of existence of b m -contact structures on a given manifold. We prove that a connected component of a convex hypersurface of a contact manifold can be realized as a connected component of the critical set of a b m -contact structure. In particular, in the 3-dimensional case, this construction yields the existence of a generic set of surfaces Z such that the pair (M, Z) is a b 2k -contact manifold and Z is its critical hypersurface. The third part of this article is focused on the Reeb dynamics associated to those manifolds. Contrary to the initial expectations, a counterexample to the regular Weinstein conjecture on periodic orbits is given using plugs and we construct examples of b m -symplectic manifolds endowed with proper Hamiltonian function without periodic orbits on all level-sets. This counterexample to the Weinstein conjecture suggests to extend the notion of periodic orbits and generalize Weinstein conjecture by including the so-called singular periodic orbits leading to a reformulation of a singular Weinstein conjecture in this scenario. We end up this article pointing to an extension of the Floer machinery to the singular set-up where we are naturally drifted by the results above.
Review of classical results in Hamiltonian and
Contact manifolds have been known for a long time to be the odd-dimensional counterpart to symplectic manifolds. As opposed to symplectic manifolds, contact manifolds are in a way more flexible: In particular any 3-dimensional manifold admits a contact structure. For higher dimensions a technical requirement has to be imposed and it was recently proved by Borman, Eliashberg and Murphy [BEM] that any almost contact manifold admits a contact structure generalizing former results by Casals, Presas and Pancholi [CPP] among others. The connection between symplectic and contact manifolds has a long history and it backs up probably to Sophus Lie and the study of optics [Ge] or the work of Newton where forms come as a natural language associated to Dynamics and more concretely Hamiltonian Dynamics. A basic question in a long list of problems in Mathematical Physics and Celestial mechanics is: Can we guarantee the existence of periodic orbits for these systems based on certain properties of the Hamiltonian function? This question can be posed at different levels. In the contact context Weinstein's conjecture asserts that the Reeb vector field of a closed contact manifold has a periodic orbit. There are several Hamiltonian and symplectic relatives of this conjecture such as the Hamiltonian Seifert conjecture or the Conley conjecture about the periodic orbits of Hamiltonian system on a symplectic manifold. The tools of Floer theory allow to obtain refinements of these conjectures and the whole community in Symplectic and Contact geometry has experimented a golden age period during the last decades.
In this alluring Symplectic/Contact picture a natural aspect has been, in a way, neglected: Can we consider singular forms? This is too wild as a question as singularities can be too complicated. However in the last years, a class of singular symplectic forms called b m -symplectic forms has been widely explored by several authors including the second author of this article [GMP, GMPS, KM] . Contact structures appear as regular level-sets of symplectic manifolds whenever there exists a transverse Liouville vector field. This construction is connected to the study of Hamiltonian systems. Singularities in the orbits of the Hamiltonian system (as for instance homoclinic or more generally heteroclinic orbits) hinder the dynamical description in terms of contact geometry. This yields a first motivation to analyze the singular counterpart to contact structures in order to take these situations into account.
From the contact perspective, there is an extra reason to consider these structures: Let M be an (2n + 1)-dimensional manifold with a hyperplane distribution denoted by ξ. If ξ is cooriented it can be written as the kernel of a one-form α. The distribution is contact if α satisfies the nonintegrability condition α ∧ (dα) n = 0 and geometrically this condition is on the antipodes of integrability. Under this light another motivation for this article is to export the notion of nonintegrability to the setting of manifolds with boundary.
To the authors knowledge, the only work that has been done in this direction is the study of convex hypersurfaces initiated by Giroux [Gir1] . The approach carried out in this article is different in the sense that we ask the hyperplane distribution ξ to be everywhere non-integrable except on the boundary, where we ask ξ to be tangent to the boundary. Hence, the hyperplane distribution flattens out when approaching the boundary. In other words, the manifold admits a hyperplane distribution that is nowhere integrable except on a codimension one submanifold that is integrable. This is in line with the program of symplectic fillability [El] (see also [FMM] for its b-symplectic analog) since a geometrical structure is prescribed on the boundary.
Let us take an elementary, but important example in what follows. An odd-dimensional manifold with boundary is locally diffeomorphic to the half space R 2n+1 + = {(x i , y i , z)|z ≥ 0, i = 1, . . . , n}. Let us consider the set of vector fields tangent to the boundary and denote it by S. Locally, S is spanned by z , i = 1, . . . , n . It turns out that those vector fields are the sections of a vector bundle that we call b-tangent bundle. By replacing the tangent bundle by the b-tangent bundle, we can construct differential forms which are non-smooth on the boundary, but behave well as they are evaluated on S. The non-smooth differential forms dual to the vector fields locally generating S are given by dx i , dy i , dz z . The kernel of the non-smooth differential form dz z + n i=1 x i dy i meets the desired conditions: away from the boundary, the form is smooth and the usual de Rham exterior derivative applies to show that it satisfies the non-integrability condition.
On the boundary, the vector field z ∂ ∂z is zero, so the hyperplane distribution becomes tangent to the boundary.
The language of those non-smooth forms in the case of manifolds with boundary is not new. The notions of b-tangent bundle were already introduced by Richard Melrose in [Me] as a framework to study differential calculus on manifolds with boundary. Recently, it regained a lot of attention in the Poisson and symplectic setting. Indeed, in the foundational work of Radko [R] , she classifies a certain type of Poisson structures on closed surfaces, called topologically stable Poisson surfaces. Later, in [GMP] , it is shown that those Poisson structures can be treated using symplectic techniques by using the Melrose language of b-tangent bundle and extending the de Rham derivative to this setting. Since then a lot has been done to understand the local and global behavior of this extension of symplectic manifolds, see for example [BDMOP, FMM, MO, GL] and references therein. This article can be considered to be the first direction to an odd-dimensional counterpart of the aforementioned articles.
The investigation of existence of contact structures in all dimensions has a particularly rich history and led to many important developments in the field. We provide an answer in our setting by narrowly linking the existence problem of singular contact structures to convex hypersurfaces in Contact Geometry, thereby shedding new light on the theory of convex surfaces initiated by [Gir1] .
Understanding the dynamics of the Reeb vector field in contact geometry and the Hamiltonian vector field has been (and still is) a leading question in the field. The global behaviour of the first one is fundamentally different when there are singularities in the contact form: a plug-like construction is used to prove that there are compact examples in any dimensions without periodic orbits, which differs strongly from the well-known classical Weinstein conjecture. In this way, a counterexample to the Weinstein conjecture for singular contact structures is provided in this article. Similarly, we show that b m -symplectic manifolds can have very different dynamical behaviour as examples without any periodic orbits of the Hamiltonian vector field on any levelset are constructed, which is narrowly related to the Hamiltonian Seifert conjecture. A further thorough examination of the variational approach of Rabinowitz theory [Ra] with these singular glasses can lead to a far-reaching extension of the Floer techniques to the singular contact and symplectic realm and in particular to an important class of Poisson manifolds.
1.1. Organization of this article. This article consists of an introduction, an ouverture, three parts addressing different aspects of the theory of contact structures with singularities: basic theory (Part 1), existence (Part 2) and Hamiltonian Dynamics (Part 3) and a finale on open problems and conjectures raised in the way. After the introduction, we start reviewing the basics of b-symplectic geometry in Section 2 (Ouverture) by explaining in greater details the construction of the b-tangent bundle and the extension of the de Rham exterior derivative. We also include a selection of results in b-symplectic geometry that we use in this article.
Part 1 is concerned with the introduction of the basics of b-contact geometry. In Section 3, we then give the main definitions of this article, namely the one of b-contact manifolds. We prove local normal forms for b-contact forms in Section 4. We will see in Section 5 that the right framework to study those geometric structures is the one of Jacobi manifolds. The induced structure by the bcontact structure on the boundary is explained in Section 6. We continue by explaining the relation with b-symplectic geometry in Section 7. In Section 8 we introduce singular contact structures of higher order singularities considered in this article: b m -contact structures.
In Part 2 we investigate the existence of singular contact structures on a prescribed manifold: Namely, in Sections 9 and 10, we explore the relation of b m -contact manifolds to smooth contact structures following the techniques of [GMW] and proving existence theorems for b m -contact structures on a given manifold. The constructions in Section 9 and 10 rely strongly on the existence of convex hypersurfaces on contact manifolds but also on the desingularization constructions in [GMW] and on new singularization techniques.
In Part 3 of this article we address problems of Hamiltonian and Reeb Dynamics and more specifically the Weinstein conjecture and the Hamiltonian Seifert conjecture in the set-up of b mcontact structures. In Section 11 we review the classical theory of Hamiltonian Dynamics. In Section 12 we give a counterexample to the Weinstein conjecture using a plug for the Reeb flow to construct compact b m -contact examples without periodic Reeb orbits. As a corollary we produce examples of b m -symplectic manifolds with proper Hamiltonians without periodic orbits on all level-sets. In Section 13 we reformulate the singular Weinstein conjecture allowing singularities in the periodic orbits. We end the article with Section 14 with a discussion of new avenues of a research program in the light of the results obtained in this article which, if fruitful, would lead to a far-reaching extension of singular symplectic and contact topology.
We include an appendix on computational aspects of the Jacobi structures associated to a given contact structure and recall the local normal theorem for Jacobi manifold proved in [DLM] .
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OUVERTURE: b-SYMPLECTIC SURVIVAL KIT
Let (M n , Z) be a smooth manifold of dimension n with a hypersurface Z. In what follows, the hypersurface Z will be called critical set. Assume that there exist a global defining function for Z, that is f : M → R such that Z = f −1 (0). A vector field is said to be a b-vector field if it is everywhere tangent to the hypersurface Z. The space of b-vector fields is a Lie sub-algebra of the Lie algebra of vector fields on M . A natural question to ask is whether or not there exist a vector bundle such that its sections are given by the b-vector fields. A coordinate chart of a neighbourhood around a point p ∈ Z is given by {(x 1 , . . . , x n−1 , f )} and the b-vector fields restricted to this neighbourhood form a locally free C ∞ -module with basis
By the Serre-Swan theorem [Sw] , there exists an n-dimensional vector bundle which sections are given by the b-vector fields. We denote this vector bundle by b T M , the b-tangent bundle. We now adopt the classical construction to obtain differential forms for this vector bundle. We denote the dual of this vector bundle by b T * M := ( b T M ) * and call it the b-cotangent bundle. A b-form of degree k is the section of the kth exterior wedge product of the b-cotangent bundle:
To extend the de Rham differential to an exterior derivative for b-forms, we need a decomposition lemma.
Lemma 2.1. [GMP] Let ω ∈ b Ω k (M ) be a b-form of degree k. Then ω decomposes as follows:
Equipped with this decomposition lemma, we extend the exterior derivative by putting
It is clear that this is indeed an extension of the usual exterior derivative and that d 2 = 0.
Outside of the critical set Z, we are dealing with symplectic manifolds. On the critical set, the local normal form of the b-symplectic form is given by the following theorem.
Theorem 2.3 (b-Darboux theorem). [GMP]
Let ω be a b-symplectic form on (M 2n , Z). Let p ∈ Z. Then we can find a local coordinate chart (x 1 , y 1 , . . . , x n , y n ) centered at p such that hypersurface Z is locally defined by y 1 = 0 and
The b-Darboux theorem for b-symplectic forms has been proved using two different approaches. The first proof follows Moser path method, that can be adapted in the b-setting. Another way of proving it is to show that a b-form of degree 2 on a 2n-dimensional b-manifold is b-symplectic if and only if its dual bi-vector field is a Poisson vector field Π whose maximal wedge product is transverse to the zero section of the vector bundle Λ 2n ( b T M ), that is Π n 0. A Poisson manifold satisfying this condition is called a b-Poisson manifold. Using the transversality condition in Weinstein's splitting theorem, one sees that the Poisson structure is of the form
Furthermore, Weinstein splitting theorem implies that the critical set of a b-symplectic manifold is a regular codimension one foliation of symplectic leaves. Even better, it is proved in [GMP] that the critical set is a cosymplectic manifold 1 . The relation of b m -symplectic manifolds to symplectic manifolds and the less well-known folded symplectic manifolds was investigated in [GMW] .
Theorem 2.5 ( [GMW] ). Let ω be a b m -symplectic structure on a manifold M and let Z be its critical hypersurface.
1 A cosymplectic manifold is manifold M 2n+1 together with a closed one-form η and a closed two-form ω such that η ∧ ω n is a volume form.
• If m is even, there exists a family of symplectic forms ω which coincide with the b m -symplectic form ω outside an -neighborhood of Z and for which the family of bivector fields (ω ) −1 converges in the C 2k−1 -topology to the Poisson structure ω −1 as → 0 .
• If m is odd, there exists a family of folded symplectic forms ω which coincide with the b m -symplectic form ω outside an -neighborhood of Z.
We say that (M, ω ) is the f -desingularization of (M, ω). A direct consequence of this theorem is that any orientable manifold admitting a b 2k -symplectic structure admits a symplectic structure.
In this section we introduce the main objects of this article. Inspired by the definition of bsymplectic manifolds, we define the contact case as follows:
We say that α is a b-contact form and the pair (M, ξ) a b-contact manifold.
The hypersurface Z is called critical hypersurface. In what follows, we always assume that Z is non-empty. Away from the critical set Z the b-contact structure is a smooth contact structure. The former definition fits well with what is standard in contact geometry where coorientable contact manifolds are considered (i.e. there exists a defining contact form with kernel the given contact structure).
Example 3.2. Let (M, Z) be a b-manifold of dimension n. Let z, y i , i = 2, . . . , n be the local coordinates for the manifold M on a neighbourhood of a point in Z, with Z defined locally by z = 0 and x i , i = 1, . . . , n be the fiber coordinates on b T * M , then the canonical Liouville one-form is given in these coordinates by
The bundle R × b T * M is a b-contact manifold with b-contact structure defined as the kernel of the one-form
where t is the coordinate on R. The critical set is given byZ = Z × R. Using the definition of the extended de Rham derivative, one checks that α ∧ (dα) n = 0. Away fromZ, ξ = ker α is a nonintegrable hyperplane field distribution, as in usual contact geometry. On the critical set however, ξ is tangent toZ. This comes from the definition of b-vector fields. Since the rank of ξ can drop by 1 onZ, we cannot say that ξ is a hyperplane field.
As we will see in the next example, the rank does not necessarily drop.
Example 3.3. Let us take R 2n+1 with coordinates (z, x 1 , . . . , x n , y 1 , . . . , y n ). We consider the distribution of the kernel of α = dz z + n i=1 x i dy i . The critical set is given by z = 0 and the rank does not drop on the critical set: on the critical set, the distribution is spanned by {
Using the two last examples and a generalization of Moebius transformations, we can construct b-contact structures on the unit ball with critical set given by the unit sphere.
Example 3.4. Let us denote the unit ball of dimension n by D n and the half-space, that is R n where the first coordinate is positive, by R n + . The Moebius transformation maps the open halfspace diffeomorphically to the closed 2-ball minus a point by the following map:
This map can easily be generalized to all dimension and the inverse is given by
We now provide R 2n+1 + with the b-contact structures described in Example 3.2 (respectively 3.3) and pull-back the b-contact form. We obtain hence two different b-contact structures on the unit ball minus a point and the critical set is given by unit sphere S 2n−2 .
It is not possible to compactify this example by adding the point. This can be seen when computing the hyperplane distribution of the pushforward under Φ. Alternatively, this follows as we will see from Theorem 4.8, respectively Theorem 4.11. Example 3.5. A compact example admitting a b-contact structure is given by S 2 × S 1 . Let us consider the 2-sphere S 2 , with coordinates (θ, h) where θ ∈ [0, 2π] is the angle and h ∈ [0, 1] is the height, and the 1-sphere S 1 with coordinate ϕ ∈ [0, 2π]. Then (S 2 × S 1 , α = sin ϕdθ + cos ϕ dh h ) is a b-contact manifold. Once more, the rank on the critical set changes when cos ϕ = 0, where instead of a plane-distribution, we are dealing with a line distribution. 
In the same way if (N 2n+1 , α) is a contact manifold and (M 2m , dλ) be an exact b-symplectic manifold (where exactness is understood in the b-complex), then (N ×M, α+λ) is a b-contact manifold. These product examples can even be endowed with additional structures such as group actions or integrable systems. For instance we can produce examples of toric b-contact manifolds combining the product of toric contact manifolds in [Le] with (exact) toric b-symplectic manifolds (see [GMPS] ). We can also combine the techniques in [KM] for b-symplectic manifolds and [B] (among others) for contact manifolds to produce examples of integrable systems on these manifolds.
THE b-CONTACT DARBOUX THEOREM
In usual contact geometry, the Reeb vector field R α of a contact form α is given by the equations
In the case where we change the tangent bundle by b T M , the existence is given by the same reasoning: dα is a bilinear, skewsymmetric 2-form on the space of b-vector fields b T M , hence the rank is an even number. As α ∧ (dα) n is non-vanishing and of maximum degree, the rank of dα must be 2n, its kernel is 1-dimensional and α is non-trivial on that line field. So a global vector field is defined by the normalization condition.
By the same reasoning, we can define the b-contact vector fields: for every function H ∈ C ∞ (M ), there exist a unique b-vector field X H defined by the equations
A direct computation yields that in Example 3.2, the Reeb vector field is given by ∂ ∂t . In Example 3.3, the Reeb vector field is given by z ∂ ∂z and hence singular. We will see that, roughly speaking, the Reeb vector field locally classifies b-contact structures.
We now prove a Darboux theorem for b-contact manifolds. The proof follows the one of usual contact geometry as in [Ge] . More precisely, it makes use of Moser's path method. There are two differences from the standard Darboux theorem: the first one is that there exist two local models, depending on whether or not the Reeb vector field is vanishing on the critical set Z. The second one is that in the case where the Reeb vector field is singular, the local expression of the contact form only holds pointwise, see for instance Example 4.7. Furthermore, in the case where the Reeb vector field is singular, this linearization is done up to multiplication of a non-vanishing function. The proof is not following Moser's path method in this case as the flow of the Reeb vector field is stationary.
Theorem 4.1. Let α be a b-contact form inducing a b-contact structure ξ on a b-manifold (M, Z) of dimension (2n + 1) and p ∈ Z. We can find a local chart (U, z, x 1 , y 1 , . . . , x n , y n ) centered at p such that on U the hypersurface Z is locally defined by z = 0 and
To distinguish both local models, we call the first one regular and the second one singular model, depending whether or not the Reeb vector field is singular or not.
Proof. We may assume without loss of generality that M = R 2n+1 and that p is the origin of R 2n+1 . Let us choose linear coordinates on T p R 2n+1 . By the non-integrability condition, dα has rank 2n and α is non-trivial on the kernel of dα. We first choose the vector belonging to the kernel of dα and then complete a symplectic basis of dα.
Let us first treat the case where ker dα ⊂ T p Z: We choose x 1 such that
∈ ker dα and α(
as explained in [GMP] . We take the coordinate z such that V = z ∂ ∂z . We then choose a coordinate y 1 such that
We complete a symplectic basis of dα and we can choose the remaining 2n − 2 coordinates x i and y i in both cases so that for all i = 2, . . . , n that
x i dy i when ker dα ⊂ Z when ξ p is singular and when ξ p is regular we set
By the choice of the basis, it is clear that at the origin,
when ξ p is singular. We only work out the details in this case, as the case ξ p regular works analogously. Note that, until this stage, we only used linear algebra arguments, which are more involved due to the structure of the vector bundle b T M . Let us now apply Moser's path method. In a neighbourhood of p, we consider the family of b-forms of degree 1
By the choice of basis, it is clear that at the origin,
and so α t is a path of b-contact forms in a neighbourhood of the origin. We want to show that there exist an isotopy ψ t : U → R 2n+1 satisfying (4.3)
Differentiating the first equation, we obtain L Xt α t +α t = 0, where
and Y t ∈ ker α t and applying Cartan's formula, we obtain
Evaluating this differential equation in the Reeb vector field R αt , we obtain
This equation can be solved locally around the point p, as we can assume without loss of generality that R αt does not have closed orbits around that point. This is due to the fact that R αt = 0. In fact, by the construction of the coordinate system R α = ∂ ∂x 1
. Furthermore, asα t (p) = 0, dH t (p) = 0, and we can choose the constant of integration such that H t (p) = 0. Once H t is chosen, let us take a look at Equation (4.4), given by ι Yt dα t = −(dH t +α t ). We want to solve this equation for Y t . By the previous observation and the fact that dα t is a bsymplectic form, we obtain that Y t (p) = 0, so X t (p) = 0. Furthermore, it is clear that Y t is a b-vector field because dα is a b-form. Integrating the vector field X t gives us the isotopy ψ t , satisfying the conditions of (4.3). This proves the first part of the theorem.
Let us now consider the case where ker dα T p Z, which corresponds to the case where R p = 0 and dα is a smooth de Rham form. A b-form decomposes as f dz z +β, where z is a defining function.
As dα is smooth, the function f can only depend on z on Z and hence, f (p) = 0 as we would be in the smooth case otherwise. We choose a neighbourhood U around the origin such that f is non-vanishing on that neighbourhood. By dividing by f , the b-formα = dz z +β defines the same distribution. Now take a contractible 2n-dimensional disk D 2n p in U. As (D, dα) is symplectic, we know by applying Darboux theorem for symplectic forms (we assume the disk D small enough), that there exist 2n functions
This form is closed and smooth. Hence by Poincaré lemma for smooth forms, there exists a smooth function g such that
We can change the defining function byz = e −g z, so that The following example shows that it is possible to have both local models appearing on one connected component of the critical set. Furthermore, it shows in the case where the Reeb vector field is singular, we can only prove the normal form pointwise and does not hold in a local neighbourhood as when the Reeb vector field is regular. Proof. Let us write the b-contact form as in the decomposition lemma by α = u dz z + β. Assume by contradiction that the Reeb vector field vanishes everywhere. Then dα = dβ is a smooth de Rham form. The contact condition is given by α ∧ (dβ) n = 0 and implies that dβ is a volume form on Z. By Stokes theorem we obtain a contradiction:
Remark 4.9. As shown in Example 3.4, there is a b-contact structure on the unit disk under the pull-back under the Moebius transformation of the singular local model. It follows from the last corollary, that this example can not be compactified.
We will prove that there are at least two points where the Reeb vector field is singular in the compact, 3-dimensional case. This will be a corollary of the following. By definition of the b mtangent bundle, the Reeb vector field is tangent to the critical set. We can prove that in dimension 3, the Reeb vector field is in fact Hamiltonian with respect to the induced area form from the contact condition. We will prove the following theorem:
Then the restriction on Z of the 2-form Θ = udβ + β ∧ du is symplectic and the Reeb vector field is Hamiltonian with respect to Θ with Hamiltonian function u, i.e. ι R Θ = du.
Proof. In the decomposition, α is given by α = u dz z + β. The contact condition implies that Θ := udβ + β ∧ du is an area form, so it is symplectic. In the same decomposition, let us write the Reeb vector field as R α = g · z ∂ ∂z + X, where g ∈ C ∞ (M ) and X ∈ X(Z). As R α is the Reeb vector field, we obtain the following equations:
A straightforward computation using those equations yield that ι X Θ = du, hence the restriction of R α to Z is the Hamiltonian vector field for the function −u.
In the compact case, we obtain:
Then there are at least two points where the local normal form of α is described by the singular model of the Darboux theorem.
Remark 4.12. As shown in Example 3.4, there is a b-contact structure on the unit disk under the pull-back under the Moebius transformation of the regular local model. It follows from the last corollary, that this example can not be compactified.
Example 4.13. As before, consider (S 2 × S 1 , α = sin ϕdθ + cos ϕ dh h ). The Reeb vector field on the critical set is given by Hamiltonian vector field of the function − cos ϕ with respect to the area form dϕ ∧ dθ. Hence, on the critical set, the Reeb vector field vanishes when cos ϕ = 0 and there are no periodic orbits of the Reeb vector field.
A well known result in contact geometry is Gray's stability theorem, asserting that on a closed manifold, smooth families of contact structures are isotopic. The proof uses Moser's path method that works well in b-geometry. One proves in the same line the following stability result for bcontact manifolds.
Theorem 4.14. Let (M, Z) compact b-manifold and let (ξ t ), t ∈ [0, 1] be a smooth path of b-contact structures. Then there exists an isotopy φ t preserving the critical set Z such that (φ t ) * ξ 0 = ξ t , or equivalently, φ * t α t = λ t α 0 for a non-vanishing function λ t . Proof. Assume that φ t is the flow of a time dependent vector field X t . Deriving the equation, we obtain
t . If X t belongs to ξ t , the first term of the last equation vanishes and applying then the Reeb vector field yieldsα
The equation given by ι Xt dα t = µ t α t −α t then defines X t because (µ t α t −α t )(R αt ). We integrate the vector field X t to find φ t and as X t is a vector field, tangent to the critical set, the flow preserves it.
The compactness condition is necessary as is shown in the next example. In the same lines, we prove the following semi-local result.
Theorem 4.16. Let (M, Z) be a b-manifold and assume Z compact. Let ξ 0 = ker α 0 and ξ 1 = ker α 1 be two b-contact structures such that α 0 | Z = α 1 | Z . Then there exists a local isotopy ψ t , t ∈ [0, 1] in an open neighbourhood U around Z such that ψ * t α t = λ t α 0 and ψ t | Z = Id where λ t is a family of non-vanishing smooth functions.
Proof. The proof is done following Moser's path method. Put ξ t = (1 − t)ξ 0 + tξ 1 , t ∈ [0, 1]. Because the non-integrability condition is an open condition and ξ t | Z = ξ 0 | Z = ξ 1 | Z , there exists an open neighbourhood U containing Z such that ξ t is a family of b-contact structures. We will prove that there exists an isotopy ψ t : U → M such that ψ * t α t = λ t α 0 , where λ t is a non-vanishing smooth function and λ t | Z = Id. Assume that ψ t is the flow of a vector field X t and differentiating, we obtain the following equation:
Applying the Reeb vector field to both sides, we obtain the equation that defines µ t :
Asα t | Z = 0, µ t | Z = 0 and hence X t is zero on Z. By non-degeneracy of dα t on ξ t there exists a unique X t ∈ ξ t solving Equation 4.17. Integrating X t yields the desired result.
Note that this proof fails if one wants to prove stability of b-contact forms, that is we cannot assume that λ t = Id in a neighbourhood of Z.
b-JACOBI MANIFOLDS
In the symplectic case, it is often helpful to look at b-symplectic manifolds as being the dual of a particular case of Poisson manifold. In contact geometry, Jacobi manifolds play this role.
Recall that a Jacobi structure on a manifold M is a triplet (M, Λ, R) where Λ is a smooth bi-vector field and R a vector field satisfying the following compatibility conditions:
where the bracket is the Schouten-Nijenhuis bracket. We refer the reader [V] and references therein for further information on Jacobi manifolds.
Note that this definition is similar to the one of b-Poisson manifolds, in the sense that it also asks the top wedge power to be transverse to the zero section. We denote the hypersurface given by the zero section of Λ 2n+1 (T M ) by Z and we call it the critical set.
It is well-known that contact manifolds are a particular case of odd-dimensional Jacobi manifolds. A particular case of even-dimensional Jacobi manifolds are given by locally conformally symplectic manifolds. Definition 5.3. A locally conformally symplectic manifold is a manifold M of dimension 2n equipped with a non-degenerate two-form ω ∈ Ω 2 (M ) that is locally closed, which is equivalent to the existence of a closed 1-form α ∈ Ω 1 (M ) such that dω = α ∧ ω.
Locally conformally symplectic manifold regained recent attention, notably in the work [CM] . We will prove that b-contact manifolds and b-Jacobi manifolds are dual in some sense, as will be explained in the next two propositions. Before doing so, let us note that in the case where the dimension of the Jacobi manifold is dim M = 2n, we can given an similar definition to the one of Definition 5.2 by asking that Λ 2n cuts the zero-section of Λ 2n (T M ) transversally. It should be possible to prove in the same lines that this case corresponds to locally conformally b-symplectic manifold.
Proposition 5.4. Let (M, ker α) be a b-contact manifold. Let Λ be the bi-vector field computed as in Equation A.1 in Appendix A and let R be the Reeb vector field. Then (M, Λ, R) is a b-Jacobi manifold.
Proof. As being b-Jacobi is a local condition, we can work in a local coordinate chart. Outside of the critical set, α is a contact form. Hence we can compute Λ as in Equation A.1 in both local models of the Darboux theorem and Λ can smoothly be extended to the critical set Z. A straightforward computation now yields that for both local models Λ n ∧ R 0.
Recall that to every Jacobi manifold (M, Λ, R), one can associate a homogeneous Poisson mani-
Furthermore, the later is said to be homogeneous because the vector field T = ∂ ∂τ satisfies
This construction is called Poissonization. The same stays true in the b-scenario, although we need to assume that the b-Jacobi manifold is of odd dimension, as b-Poisson manifold are defined only for even dimensions.
Lemma 5.5. The Poissonization of a b-Jacobi manifold of odd dimension is a homogeneous b-Poisson manifold.
Proof. The proof is a straightforward computation:
It follows from the definition of b-Jacobi that Π is transverse to the zero-section.
Proof. The proposition is based on the local normal form of Jacobi structures, which are proved in [DLM] . The main result is recalled in Appendix B. Let (M, Λ, R) be the b-Jacobi structure, so that Λ n ∧R 0. As usual, denote the critical hypersurface by Z = (Λ n ∧R) −1 (0). First note that outside of Z, the leaf of the characteristic foliation is maximal dimensional. This is saying that outside of Z, the Jacobi structure is equivalent to a contact structure. Consider a point p ∈ Z and denote the leaf of the characteristic foliation by L. By the transversality condition, the dimension of the leaf needs to be of dimension 2n or 2n − 1. Indeed, as (M × R, e −τ ( ∂ ∂τ ∧ R + Λ)) is b-Poisson, the critical set of M × R is foliated by symplectic manifolds of codimension 2, that is of dimension 2n. Hence the critical set restricted to the hypersurface {τ = 0}, which is identified to be the critical set Z of the initial manifold M , is foliated by codimension 1 and codimension 2 leaves.
Let us first consider the case where at the point x ∈ Z, the leaf is of dimension 2n. We will prove that this case corresponds to the case where the R is singular, vanishing linearly. Let us apply Theorem 5.9 of [DLM] . Hence the Jacobi manifold (N, Λ N , E N ) (see Theorem 5.9) is of dimension 1, hence Λ N is zero. Hence Λ is given by
We now use the transversality condition on Λ n ∧ E N to conclude that E N = z ∂ ∂z . which is the same expression for the b-Jacobi structure associated to the b-contact
Let us consider the case where the leaf is of dimension 2n − 1. We will see that this corresponds to the case where the Reeb vector field is regular. According to Theorem 5.11 in [DLM] , the bivector field is given by
Hence the Jacobi structure is given by E =
which is the Jacobi structure associated to the contact form α = dx 0 + y
GEOMETRIC STRUCTURE ON THE CRITICAL SET
To determine the induced structure of the b-contact structure on the critical set, we compute the associated Jacobi structure. Let us briefly review some results on Jacobi manifolds, which can all be found in [V] . The Hamiltonian vector fields of a Jacobi manifold (M, Λ, R) are defined by X f = Λ (df ) + f R. It can be shown that the distribution C(M ) = {X f |f ∈ C ∞ (M )} is involutive and invariant under the Hamiltonian flow. Stefan-Sussmann theorem asserts that C(M ) integrates to a singular foliation, denoted by F. As C(M ) = ImΛ + R , the leaves of F are evendimensional when R ∈ ImΛ and odd dimensional in the other case. The induced structure on odd-dimensional leaves of F turns out to be a contact structure. For even dimensional leaves, one obtains locally conformally symplectic leaves. The definition of locally conformally symplectic manifolds is recalled in Definition 5.3.
The computation of a Jacobi structure associated to a contact structure is explained in Appendix A. As we have proved a local norm form theorem, we can use the two local models to compute the associate Jacobi structure and check in both cases if R ∈ Λ . We will prove Theorem 6.1. Let (M 2n+1 , ξ = ker α) be a b-contact manifold and p ∈ Z. We denote F p the leaf of the singular foliation F going through p. Then
(1) if ξ p is regular, that is F p of dimension 2n, then the induced structure on F p is locally conformally symplectic; (2) if ξ p is singular, that is F p of dimension 2n − 1, then the induced structure on F p is contact.
Proof. By Theorem 4.1, if ξ p is singular, the Reeb vector field is not singular and the contact form can be written locally as α = dx 1 + y 1 . The Jacobi structure associated to this b-contact structure is given by Λ = Π + R ∧ X.
On the critical set, we have
Let us check if we can find a one form α such that Λ
. For y 1 = 0, this cannot be solved, hence the set {z = 0, y 1 = 0} is a leaf with an induced contact structure.
If ξ p is not singular and the Reeb vector is regular, the contact form can be written locally as
A direct computation implies that the Reeb vector field lies in the distribution spanned by the bi-vector field Λ, hence the b-contact structure induces a locally conformally symplectic structure on the set {z = 0, y 1 = 0}.
Last, if ξ p is not singular and the Reeb vector is singular, Theorem 4.1 yields that the Reeb vector field can be written as z ∂ ∂z . As the Reeb vector field is vanishing, the critical set equals the 2n-dimensional leaf spanned by ImΛ . The induced structure on F p is locally conformally symplectic.
Remark 6.2. Let us consider the case where dim M = 3 and the distribution ξ is singular. Then the induced structure on the critical set is given by Λ| Z = y 1
. As the critical set is a surface, it is clear that this is a Poisson structure and furthermore, that it is transverse to the zero section.
Hence we obtain an induced b-symplectic structure on the critical set. Note that this is not true for higher dimensions.
SYMPLECTIZATION AND CONTACTIZATION
Symplectic and contact manifolds are related to each other as follows. It is well-known that a contact manifold can be transformed into a symplectic one by symplectization: if (M, α) is a contact manifold, then (M × R, d(e t α)) (where t is the coordinate on R) is a symplectic manifold. On the other hand, hypersurfaces of a symplectic manifold (M, ω) are contact, provided that there exist a vector field satisfying L X ω = ω that is transverse to the hypersurface. Such a vector field is called Liouville vector field. The contact form on the hypersurface is given by the contraction of the symplectic form with the Liouville vector field, i.e. α = ι X ω.
We will show that the same holds in the b-category. Let us take a b-symplectic manifold (W, ω) of dimension (2n + 2) and a Liouville vector field X on W that is transverse to a hypersurface
) is a volume form provided that X is transverse to H. If H does not intersect the critical set, one obtains of course a smooth contact form. Due to the b-Darboux theorem, there are two local models for b-contact manifolds and we will see that we can obtain both structures, depending on the relative position of the hypersurface with the Reeb vector field on it. • If we take as hypersurface the hyperplane M 1 = {(1, y, −t, z), y, t, z ∈ R}, which is transverse to X, we obtain α = dy + t dz z , which is the regular local model.
• If we take as hypersurface the hyperplane M 2 = {(x, y, −1, z), x, y, z ∈ R}, which is transverse to X, we obtain α = dz z + xdy, which is the singular local model. ) is a Liouville vector field, which is transverse to the sphere centered at the origin of radius greater then 1. The critical set is given by the intersection of the sphere with the hyperplane z = 0. To define b-contact structures on the unit sphere, we use radial rescaling. We hence obtain a family of b-contact structures kerα r for r > 1. Note that by Gray stability theorem for b-contact structures, they are all isotopic.
Example 7.4. The unit cotangent bundle of a b-manifold have a natural b-contact structure. Let (M, Z) be a b-manifold of dimension n with coordinates z, y i , i = 2, . . . , n as in Example 3.2. It is shown in [GMP] that the cotangent bundle has a natural b-symplectic structure defined by the b-form given by the exterior derivative
, where the norm is the usual Euclidean norm. The vector field
defined on the b-cotangent bundle b T * M is a Liouville vector field, and is transverse to the unit b-cotangent bundle, and hence induces a b-contact structure on it.
We saw that hypersurfaces of b-symplectic manifolds that are transverse to a Liouville vector field have an induced b-contact structure. The next lemma describes which model describes locally the b-contact structure.
Lemma 7.5. Let (W, ω) be a b-symplectic manifold and X a Liouville vector field transverse to a hypersurface H. Let R be the Reeb vector field defined on H for the b-contact form α = i X ω. Then R ∈ H ⊥ , where H ⊥ is the symplectic orthogonal of H.
Proof. The Reeb vector field defined on H satisfies
Hence if H ⊥ is generated by a singular vector field, the contact manifold (H, α) is locally of the second type as in the b-Darboux theorem. In the other case, the local model is given by the first type.
We now come back to the contactization of a b-symplectic manifold.
Proof. It is clear that ω is a closed b-form. Furthermore, a direct computation yields
which is non-zero as a b-form by the non-integrability condition.
It is easy to see that ∂ ∂t is a Liouville vector field of the symplectization (M × R, d(e t α)), which is clearly transverse to the submanifold M × {0}. Hence, we obtain the initial contact manifold (M, α). This gives us the following theorem.
Theorem 7.7. Every b-contact manifold can be obtained as a hypersurface of a b-symplectic manifold.
Remark 7.8. Another close relation between the symplectic and the contact world is the contactization: take an exact symplectic manifold, i.e. (M, dβ), then (M × R, β + dt), where t is the coordinate on R, is contact. This remains true in the b-case. Furthermore, it is clear that by this construction, we obtain b-contact forms of the first type, as the Reeb vector field is given by ∂ ∂t .
HIGHER ORDER SINGULARITIES
In what follows, we consider contact structures with higher order singularities. Let (M n , Z) be a manifold with a distinguished hypersurface and let us assume that Z is the zero level-set of a function z. The b m -tangent bundle, which we denote by b m T M , can be defined to be the vector bundle whose sections are generated by
The de Rham differential can be extended to this setting. The notion of b-symplectic manifolds then naturally extends and we talk about b m -symplectic manifolds, see [Sc, GMW] . In the same fashion, we can extend the notion of b-contact manifolds to the b m -setting: we say that a b m -form In this section, we desingularize singular contact structures and consequently explain the relation to smooth contact structures. The proof is based on the idea of [GMW] . However, in contrast to the symplectic case, we need an additional assumption in order to desingularize the b m -contact form.
Recall that from Lemma 2.1, it follows that a b m -form α ∈ b m Ω 1 (M ) decomposes α = u dz z m + β where u ∈ C ∞ (M ) and β ∈ Ω 1 (M ). In order to desingularize the b m -contact forms, we will assume that β is the pull-back under the projection of a one-form defined on Z.
Definition 9.1. We say that a b m -contact structure (M, ker α) is almost convex if β = π * β , where π : M → Z is the projection andβ ∈ Ω 1 (Z). We will abuse notation and write β ∈ Ω 1 (Z). We say that a b m -contact structure is convex if β ∈ Ω 1 (Z) and u ∈ C ∞ (Z).
Note that the this notion is to be compared to the one of convex hypersurfaces, which we will recall in the next section. As we will see in the next lemma, almost convex b m -contact structures are semi-locally isotopic to convex ones. Lemma 9.2. Let (M, ker α) be an almost convex b m -contact manifold and let the critical hypersurface Z be compact. Then there exist a neighbourhood around the critical set U ⊃ Z, such that α is isotopic to a convex b m -contact form relative to Z on U.
, which is convex. Take the linear path between the two b m -contact structures, which is a path of b m -contact structures because ξ andξ equal on Z. Applying Theorem 4.16, we obtain that there exist a local diffeomorphism f preserving Z and a non-vanishing function λ such that on a neighbourhood of Z, f * α = λα.
The next lemma gives intuition on this definition and gives a geometric characterization of the almost-convexity in terms of the f -desingularized symplectization. Proof. Let (M, ker α) be a almost-convex b m -contact manifold. The symplectization is given by (M × R, ω = d(e t α)). The desingularization technique of Theorem 2.5 produces a family of symplectic forms ω = ue t dt ∧ df + e t dt ∧ β + e t du ∧ df + e t dβ. From almost-convexity it follows that ∂ ∂t preserves ω , so ∂ ∂t is a Liouville vector field. To prove the converse, assume that ∂ ∂t is a Liouville vector field in (M, ω ). It follows from the fact that L ∂ ∂t ω = ω that β ∈ Ω 1 (Z).
We will see that under almost-convexity, the b m -contact form can be desingularized.
Theorem 9.4. Let (M 2n+1 , ker α) a b 2k -contact structure with critical hypersurface Z. Assume that α is almost convex. Then there exists a family of contact forms α which coincides with the b 2k -contact form α outside of an -neighbourhood of Z. The family of bi-vector fields Λ α and the family of vector fields R α associated to the Jacobi structure of the contact form α converges to the bivector field Λ α and to the vector field R α in the C 2k−1 -topology as → 0.
We call α the f -desingularization of α. A corollary of this is that almost-convex b m -contact forms admit a family of contact structures if m is even, and a family of folded-type contact structures is m is odd.
The proof of this theorem follows from the definition of convexity and makes use of the family of functions introduced in [GMW] .
Proof. By the decomposition lemma, α = u dz z m + β. As α is almost convex, the contact condition writes down as follows:
In an -neighbourhood, we replace dz z m by a smooth form. The expression depends on the parity of m.
Following [GMW] we consider an odd smooth function f ∈ C ∞ (R) satisfying f (x) > 0 for all x ∈ [−1, 1] and satisfying outside that
We obtain the family of globally defined 1-forms given by α = udf + β that agrees with α outside of the -neighbourhood. Let us check that α is contact inside this neighbourhood. Using the almost-convexity condition, the non-integrability condition on the b m -form α writes down as follows:
We see that α ∧ dα = f (z)z m α ∧ dα and hence α is contact. We denote by Λ α and R α the bi-vector field and vector field of the b-contact form α. Now let us check that the bi-vector field Λ α and the vector field of R α corresponding to the Jacobi structure of the desingularization converge to Λ α and R α respectively.
Let us write R α and Λ α in a neighbourhood of a point p ∈ Z.
where g ∈ C ∞ (M ) and X, Y i ∈ X(Z) for i = 1, 2, 3. The Jacobi structure associated to the desingularization is given by
The C 2k−1 -convergence follows from this formulas.
Remark 9.6. It is possible to desingularize b 2k+1 -contact structures following [GMW] . The resulting one-form of this desingularization is of folded-type contact structure, as explored in [M2, JZ] .
An alternative proof of this theorem would be to use the symplectization as explained in Section 7 and to use immediately Theorem 2.5 in the symplectization. The almost convex condition makes sure that the vector field in the direction of the symplectization is Liouville in the desingularization, see Lemma 9.3. Hence the induced structure is contact. Without the almost-convexity, the induced structure of the desingularized symplectic form on the initial manifold is not necessarily contact. This is saying that almost-convexity is a sufficient condition, but not a necessary condition to apply the desingularization method.
In the next section of the article, we will see that in presence of convex hypersurface in contact manifolds, the inverse construction holds.
EXISTENCE OF SINGULAR CONTACT STRUCTURES ON A PRESCRIBED MANIFOLD
Existence of contact structures on odd dimensional manifolds has been one of the leading questions in the field. The first result in this direction was proved for open odd-dimensional manifolds by Gromov [Gr] . The case for closed manifolds turned out to be much more subtle. The 3-dimensional case was proved by Martinet-Lutz [Lu, M1] . In dimension 5, the existence problem was solved in [Et, CPP] , whereas the higher dimensional case was only solved in the celebrated article by Borman-Eliashberg-Murphy [BEM] .
Theorem 10.1. Let M 2n+1 be an almost contact, compact manifold then M admits a contact structure.
We give in this section an answer to the question whether or not closed manifolds also admit b m -contact structures. The result relies on convex hypersurface theory, which was introduced by Giroux [Gir1] . Definition 10.2. Let (M, ker α) be a contact manifold. A vector field X is contact if it preserves ξ, that is L X α = gα for g ∈ C ∞ (M ). A hypersurface Z in M is convex if there exists a contact vector field X that is transverse to Z.
It follows from this definition that the contact form can be written under vertically invariant form in a neighbourhood of Z, that is α = udt + β, where the contact vector field X is given by ∂ ∂t , u ∈ C ∞ (Z) and β ∈ Ω 1 (Z). Note that Definition 9.1 is the analog of this definition in the b-setting. As was proved by Giroux [Gir1] , in dimension 3, there generically all closed surfaces are convex.
Theorem 10.3 ([Gir1]
). Let (M, ξ) be a 3-dimensional contact manifold. Then any closed surface is C ∞ -close to a convex surface.
In higher dimension, this result does not hold for generic hypersurfaces, see [Mo] . However, even though genericity does not hold, examples are given by boundaries of tubular neighbourhoods of Legendrian submanifolds.
In the theory of convex hypersurfaces, a fundamental role is played by the set Σ given by the points of the convex hypersurface where the transverse contact vector field belongs to the contact distribution. It is a consequence of the non-integrability condition that Σ is a codimension 1 submanifold in Z. When M is of dimension 3, a connected component of Σ is called the dividing curve. Loosely speaking, the dividing curves determine the germ of the contact structure on a neighbourhood of the convex surface. For a precise statement, see [Gir1, Gir2] .
We will prove that convex hypersurfaces can be realized as the critical set of b 2k -contact structures. A similar result holds for b 2k+1 -contact structures. However, in this case the critical set has two connected components, which correspond to two convex hypersurfaces arbitrarily close to a connected component of the given convex hypersurface.
Theorem 10.4. Let (M, α) be a contact manifold and let Z be a convex hypersurface in M . Then M admits a b 2k -contact structure for all k that has Z as critical set. The codimension 2 submanifold Σ corresponds to the set where the rank of the distribution drops and the induced structure is contact. Using Giroux's genericity result, we obtain the following corollary in dimension 3:
Corollary 10.5. Let M be a 3-dimensional manifold. Then for a generic surface Z, there exists a b 2k -contact structure on M realising Z as the critical set.
Proof of the Corollary. Using Gromov's result in the open case and Lutz-Martinet for M closed, we can equip M with a contact form. As is proved in [Gir2] , a generic surface Z is convex and the conclusion follows from Theorem 10.4.
Proof of Theorem 10.4. Using the transverse contact vector field, we find a tubular neighbourhood of Z diffeomorphic to Z × R such that α = udt + β, where t is the coordinate on R, u ∈ C ∞ (Z) and β ∈ Ω 1 (Z). The non-integrability condition then is equivalent of saying that u(dβ) n + nβ ∧ du ∧ dβ is a volume form on Z. We will change the contact form to a b 2k -contact form.
Take > 0. Let us take a function s (that is smooth outside of
Now consider α = uds + β. By construction, α is a b 2k -form that coincides with α outside of Z ×(R\[−2 , 2 ]). Furthermore, α satisfies the non-integrability condition on Z×]−2 , 2 [ because s > 0.
The rest of the statement follows from the discussion of Section 6.
Remark 10.6. Note that there are many different choices for the function s yielding the same result: the function s only needs to allow singularities of the right order and have positive derivative. We call (M, α ) the s -singularization of the contact manifold (M, α).
This proof only works for b m -contact forms where m is even because it is essential that s > 0. In the case where the complimentary set of the convex hypersurface is connected, the contact condition obstructs the existence of b 2k+1 -contact structures on M having Z as critical set. This is because the contact condition induces an orientation on the manifold, whereas in the b 2k+1 -contact case, the orientation changes when crossing the critical set. The same holds for symplectic surfaces: see for example [MP] where this orientability issues were formulated using colorable graphs.
Lemma 10.7. Let M be an orientable manifold with Z a hypersurface such that M \ Z is connected. Then there exist no b 2k+1 -contact form with critical set Z.
Proof. Assume by contradiction that there is a b 2k+1 -contact form. Let z be a defining function for the critical set. The contact condition writes down as dz z 2k+1 ν, where ν is volume form on M . This expression has opposite signs on either side of Z. As M \ Z is connected, α ∧ (dα) n must vanish in M \ Z, which is in contradiction with the contact condition.
To overcome this orientability issue, we prove existence of b 2k+1 -contact structures with two disjoint critical sets contained in a tubular neighbourhood of a given convex hypersurface.
Theorem 10.8. Let (M, α) be a contact manifold and let Z be a convex hypersurface in M . Then M admits a b 2k+1 -contact structure for all k that has two diffeomorphic connected components Z 1 and Z 2 as critical set. The codimension 2 submanifold Σ corresponds to the set where the rank of the distribution drops and the induced structures is contact. Additionally, one of the hypersurfaces can be chosen to be Z.
Proof. The proof follows from the same considerations as before, but replacing the contact form α by α = uds + β, where
• s (t) = 0. As before, s = 0 assures that α is a b 2k+1 -contact form. As any other function with non-vanishing derivative and the right order of singularities gives rise to a b 2k+1 -contact form, one of the two hypersurfaces can be chosen to be the initial convex hypersurface.
Remark 10.9. Given a contact manifold with a convex hypersurface such that the complementary set of the hypersurface is not connected, it may, in some particular cases, also be possible to construct a b 2k+1 -contact form admitting a unique connected component as critical set. This is related to extending a given contact form in a neighbourhood of a contact manifold with boundary to a globally defined contact form. More precisely, let α be the contact form. In a tubular neighbourhood around the convex hypersurface, we replace as before α = udt + β by α = uds + β where s is given by
• s is even, i.e. s (−t) = s (t). The form α is a b 2k+1 -contact form that agrees with α for t > 2 . However, it does not agree with α for t < −2 and in fact, it may not always be possible to extend α .
The next lemma computes the Reeb vector field when identifying a convex hypersurface of a contact manifold as the critical set of a b m -contact manifold.
Lemma 10.10. Let (M, α) be a contact manifold and let Z be a convex hypersurface, transverse to the contact vector field X. In tubular neighbourhood N around Z, X can be written as X = ∂ ∂t and α = udt + β. In N , the Reeb vector field can be written as R α = g ∂ ∂t + T where T ∈ π * (T Z) where π is the projection along X, g ∈ C ∞ (N ). The Reeb vector field associated to the b m -contact structure obtained by the singularization procedure of Theorem 10.4 and Theorem 10.8 is given by
Proof. As R α is the Reeb vector field associated to the contact form α, it satisfies the equations
It follows that du(T ) = 0. The b m -contact form is given by α = ud + β. The statement follows from the following computation:
Part 3. Reeb dynamics on b m -contact manifolds
This section is devoted to the study of the dynamics of the Reeb vector field on b m -contact manifolds. We start by recalling some well-known results in Reeb, but also Hamiltonian dynamics.
REVIEW OF CLASSICAL RESULTS IN HAMILTONIAN AND REEB DYNAMICS
The well-known Weinstein conjecture asserts the following:
Conjecture 11.1 (Weinstein conjecture). Let (M, α) be a closed contact manifold. Then there exists at least one periodic Reeb orbit.
Weinstein conjecture is still open in full generality but has been proved in several cases, the most striking positive answers being Hofer's proof in the presence of overtwisted disks, see [H] and Taubes proof in dimension 3, see [T] .
Contact manifolds can be seen as a particular case of a level-set of a Hamiltonian H in symplectic manifolds, where the Reeb flow is a reparametrization of the Hamiltonian flow.
In the set-up of Hamiltonian dynamics, periodic orbits are in a one-to-one correspondence with the critical points of the action functional A H . The action of a contractible loop on a symplectic manifold (W, ω) is given by
where u :
Here γ is assumed to be periodic. Powerful variational methods arise from the least action principle. For instance is known that "almost all" level-sets contain periodic orbits of the Hamiltonian flow for a large class of symplectic manifolds. More precisely, let us mention the following almost-existence theorem:
Theorem 11.2 ( [HZ] ). Let (M, ω) be a symplectic manifold of finite Hofer-Zehnder capacity. Then for all H : M → R such that {H ≤ a} is compact, almost all level-sets contain periodic orbits.
A value a of a Hamiltonian H is called aperiodic if the level {H = a} carries no periodic orbits and we denote by AP H the set of aperiodic orbits. Theorem 11.2 can be restated that AP H is of measure zero for many symplectic manifolds.
The Hamiltonian Seifert conjecture states that AP H for H a proper, smooth function in (R 2n , ω st ) is empty. The conjecture is known to be false: Gin2] ). Let 2n ≥ 0. There exists a smooth function H : R 2n → R, C 0 -close and isotopic to H 0 , such that the flow of X H does not have any closed orbits on the level set {H = 1}.
The theorem was independently proved by Herman [He] for C 2 Hamiltonians. In dimension 4, a C 2 -counterexample is proved in [GG] .
We conclude from the last two results that for many manifolds, AP H is of measure zero but can be non-empty. In [Gin1] , the following question is raised:
Let M be a symplectic manifold of bounded Hofer-Zehnder capacity and H a smooth proper function on M . How large can the set AP H of regular aperiodic values be?
For a review of the known results concerning this question, see [Gin1] . The proof of Theorem 11.3 is based on a plug construction, which will be reviewed in the next subsection.
11.1. Traps and Plugs. By the flow-box theorem, the flow of a non-singular vector field on a ndimensional manifold locally looks like the linear flow, that is: on D n−1 × [0, 1] the flow is given by Ψ t : (x, s) → (x, s + t), where t ∈ R and D n−1 denotes a disk of dimension n − 1. If the vector field additionally satisfies entrance-exit matching condition, that is that the orbit entering at (x, 0) leaves at (x, 1) for all x ∈ D \ {0}, then the trap is called a plug.
As a result of the flow-box theorem, traps can be introduced to change the local dynamics of a flow of a vector field and "trap" a given orbit. However, the introduction of a trap can change the global dynamical behaviour drastically. A plug additionally asks for matching condition at entrance and exit in order not to change the global dynamics of the vector field. The vector field in question often satisfies some geometric properties (as for example volume-preserving, a Reeb vector field, a Hamiltonian vector field,. . . ). The crux in the construction of traps and plugs is to produce a vector field satisfying the given geometric constraint.
Traps and plug have been successfully used to construct counter-example in existence theorem for many geometric flows. For instance, Kuperberg constructed a plug in [K] to find a smooth non-singular vector field without periodic orbits on any closed manifold of dimension 3. The special case of S 3 is known as counter-example to the Seifert conjecture. In the contact case, by the positive answers of Weinstein conjecture, there cannot exist plugs for the Reeb flow. Furthermore, it is a corollary of a theorem of Eliashberg and Hofer [HE] that in dimension 3, Reeb traps do not exist. The same was conjectured in higher dimension, but Reeb traps were later proved to exist in dimension higher then 5, see [GRZ] .
A COUNTEREXAMPLE TO THE WEINSTEIN CONJECTURE FOR b m -CONTACT MANIFOLDS
We will see that in the presence of singularities in the geometric structure, AP H can be R for b msymplectic manifolds. This originates in the fact that the Weinstein conjecture stated as such does not hold in the singular contact setting. In particular, we prove that taking the symplectization, there are proper Hamiltonian functions on b m -symplectic manifolds having no periodic orbits for the Hamiltonian flow.
As one would expect, central to the counter-example of the Weinstein conjecture for b m -contact manifolds (but also for many non-existence theorems about periodic orbits like Theorem 11.3) is a plug-like construction: it is possible to change the local dynamics of a Reeb flow in the smooth setting to a Reeb flow associated to a b m -contact form and thereby trapping a given orbit without changing the global dynamical properties of the initial Reeb flow. The plug is constructed using the s -singularization as explained in Section 10. For the time being, we postpone the proof and analyse first the consequences of this plug. First, as a corollary,, we obtain that there are examples of compact b m -contact manifolds without periodic Reeb orbits. Indeed, it suffices to take any compact contact manifold with a finite number of isolated periodic Reeb orbits and to change the contact form to a b m -contact form by inserting a copy of the plug for every periodic Reeb orbit. Examples of compact contact manifolds having a finite number of isolated periodic Reeb orbits are ellipsoids with axis of rationally independent length viewed as a convex hypersurface in the standard symplectic Euclidean space (R 2n , ω st ). Proof of Corollary 12.3. Let (M, α) be a compact b m -contact manifold as in Corollary 12.2 and consider its symplectization with Hamiltonian function e t (where t is the coordinate in the symplectization). The Hamiltonian vector field is a reparametrization of the Reeb vector field on the levelsets and therefore provides an example of a proper smooth Hamiltonian containing no periodic orbits in the level-sets. This is in stark contrast to the almost-existence theorem (Theorem 11.2) in symplectic geometry. To the authors knowledge, there are no known examples of Hamiltonian having no periodic orbits on all level-sets (or equivalently having AP H = R).
Furthermore, let us remark that, in contrast to Theorem 11.3, there is no restriction in Corollary 12.3 on the dimension. However, as will become clear in the proof of the plug construction, the insertion of the plug does not change the trapped orbit in the sense that the trapped orbit is the same but goes to a point of the critical set where the Reeb vector field is singular (which in dimension 3 always exists by Corollary 4.11).
We will proceed by proving Theorem 12.1. Strictly speaking, the above proof only solves the 3-dimensional case, but the proof generalizes to higher dimensions. is a contact vector field, as L X α st = 2α st and is convex to S 2 . By the theory of convex surfaces, in a -neighbourhood of S 2 , the contact form can be written by α st = udt + β, where X = ∂ ∂t , u ∈ C ∞ (S 2 ) and β ∈ Ω 1 (S 2 ). We now change the contact form to a b m -contact form, depending on the parity of m. We first treat the case where m = 2k. As in Theorem 10.4, we use the ssingularization to obtain a b 2k -contact form α = uds + β, which agrees with α st outside of the -neighbourhood. In what follows, we will check that the Reeb vector field of associated to the b 2k -contact form satisfies the conditions of a Reeb trap. From the construction it follows that it agrees with the linear flow on the boundary of the cylinder D(2) × [−2, 2]. We are left to check that the periodic orbit gets trapped and that the Reeb flow associated to R α satisfies the entry-exit compatibility condition and does not create any new periodic orbits inside the cylinder.
We first claim that on the sphere, there are exactly two points where the Reeb vector field is singular. To see this, we use the expression of the Reeb vector field, given by R α = g This happens if and only if the Reeb vector field is collinear with the radial contact vector field X, which only happens at the poles of S 2 .
We will now prove that there are no periodic orbits in the cylinder D(2) × [−2, 2]. We will see that dz(R α ) > 0 everywhere, except at the two singular points. Outside of the -neighbourhood, dz(R α ) = 1. In the -neighbourhood, we distinguish between the points z > 0 and z < 0. For
We now claim that dz(T ) > 0. To prove this, assume x > 0(where (x, y) are the cartesian coordinates of the disk D(2)), the case x < 0 being similar. Assume by contradiction that dz(T ) < 0, but then due to the geometry of the sphere S 2 , dx(T ) > 0. Applying dx to the decomposition of
, which is a contradiction because both terms are positive.
We finally apply dz to the Reeb vector field associated to the b 2k -contact form α to see that dz (R α 
which is positive because both terms are positive from the above arguments. Similar arguments hold for z < 0. Hence there are no periodic orbits in the cylinder
It follows from the symmetry in the z-direction of the construction that the entry-exit compatibility condition is satisfied: indeed, the flow of the Reeb vector field R α for z < 0 is the mirrored Reeb flow for z > 0 (that is the flow lines are the same but run in the opposite direction).
The idea of the case m = 2k + 1 is similar. We use the s -singularization as in Theorem 10.8 to change the contact form to a b 2k+1 -contact form having two critical sets. Recall that in aneighbourhood the b 2k+1 -contact form is given by α = uds + β, where s : [− , ] → R is a smooth function (outside the singularities in ±3 /8) satisfies
Outside of the -neighbourhood, the b 2k+1 -form α agrees with α = dz+xdy. In the -neighbourhood, the form α is b 2k+1 -contact because s = 0 with two critical sets given by two concentric spheres, that we denote by S 2 1 for the small one and S 2 2 for the bigger one. Those spheres correspond to the two singularities of the function s . We denote the spherical shell, delimited by S 2 1 and S 2 2 by S. By the same arguments as before, the Reeb vector field R α is singular at the poles of the two concentric spheres. The flow lines on the spheres, as well as outside of S 2 2 and inside S 2 1 is similar to the dynamics of the trap associated to b 2k -contact structures. In particular, the flow line entering at {−2} × D 2 (2) is trapped and dz (R α 
By the same consideration as before, the flow is symmetric with respect to the reflection of the z-coordinate (that is z → −z) and hence the entry-exit compatibility condition is satisfied. We are left to check that there are no periodic orbits of the Reeb vector field R α in S.
The dynamics inside the spherical shell change due to the fact that s < 0. First, note that, as before, R α = ∂ ∂z when z = 0. As s < 0 on the intersection of S with the z-axis, dz(R α ) < 0 for z > 0 and dz (R α 
We analyze the dynamical behaviour of R α depending on the sign x and z. By the previous considerations, to prove that there are no periodic orbits in the shell it is sufficient to prove that dx(R α ) < 0 when x · z > 0, respectively dx(R α ) > 0 when x · z < 0. When x and z are positive, dx(R α ) = g 1 s x + dx(T ), whose two terms are always negative because dx(T ) < 0 and g > 0. The same holds in the other cases.
Note that we replaced the periodic orbit by heteroclinic orbits. In what follows, we argue what could be a more appropriate version of Weinstein conjecture for singular contact forms.
THE SINGULAR WEINSTEIN CONJECTURE
Let us consider the desingularization of almost-convex b 2k -contact forms. As a consequence of the desingularization theorem 9.4, the properties related to the family of contact structures coming from the desingularization can be translated to properties of the initial b 2k -contact form.
Lemma 13.1. Let (M, α) be an almost convex b 2k -contact manifold. Consider the family of contact forms α associated to the desingularization. Assume that there exist such that there is a periodic Reeb orbit of the Reeb vector field R α outside of the -neighbourhood N . Then this orbit corresponds to a periodic orbit of the Reeb vector field R α .
Proof. The desingularization does not change the dynamics outside of the -neighbourhood.
Note that the same would hold for the desingularization of b 2k+1 -contact structures, where the resulting geometric structure would be of folded-contact type.
Let (M, α) be an almost-convex compact b 2k -contact manifold of dimension 3. Assume that the periodic Reeb orbits of R α for fixed (which is known to exist due to [T] ) crosses the tubular neighbourhood N of Z. We will see that the desingularization always changes the Reeb dynamics in the 3-dimensional compact case.
Lemma 13.2. Let (M, α) be a almost-convex b 2k -contact manifold. Then in the -neighbourhood of the critical set, the Reeb flow associated to the desingularization is a reparametrization of the initial Reeb flow if and only if semi-locally, the Reeb vector field is everywhere regular or everywhere singular. In particular, if M is compact and of dimension 3, it is not a reparametrization.
Proof. As in Theorem 9.4, we write R α = gz 2k ∂ ∂z +X and the expression of the desingularized Reeb vector field is given by R α = g 1 f ∂ ∂z + X. The flow of the first one is a reparametrization of the second one if and only if R α = f R α for a smooth function f . This is clearly only the case if the Reeb vector field is everywhere singular or everywhere regular. When M is 3-dimensional and compact, by Corollary 4.8 and Corollary 4.11, the Reeb vector field admits points of the two local models of the b-Darboux theorem. Hence, the desingularized Reeb vector field is not a reparametrization of the initial Reeb vector field.
One is tempted to take the limit of → 0. However, one cannot make sure that the family of periodic orbits is continuous with respect to . Therefore, limit arguments do not work without any further assumptions on the b 2k -contact form. A necessary condition is non-degeneracy for the family of contact forms {α t } t∈]0, ] .
In fact, periodic orbits can be associated to critical points of the action functional
Non-degeneracy of the family of contact forms {α t } t∈]0, ] can be thought of as non-degeneracy as critical points in this infinite-dimensional space. Instead of working with the desingularization (whose draw-back is the restriction on the parity of the singularity and the non-degeneracy condition), it may be more appropriate to tackle the problem using variational methods but changing the variational set-up. The authors suspect that working with the space of piece-wise smooth loops instead of C ∞ (S 1 , M ) may be a good starting point to capture not only periodic orbits, but also heteroclinics that manifest themselves by introducing the aforementioned plug-construction. To capture those two different types of orbits, we introduce the notion of singular periodic orbit. Definition 13.3. Let M be a manifold with hypersurface Z. A singular periodic orbit γ is either a periodic orbit contained in M \ Z or an orbit such that lim t→±∞ γ(t) ∈ Z.
We conclude that the following two conjectures may be the more appropriate versions of Weinstein and Hamiltonian Seifert conjecture in the singular setting.
Conjecture 13.4 (Singular Weinstein conjecture). Let (M, α) be a compact b m -contact manifold. Then there exists at least one singular periodic orbit.
Note that the existence of b m -plugs does not contradict the conjecture: morally, the b m -contact plugs changes periodic orbits to singular periodic orbits. Similarly, the appropriate formulation of the Hamiltonian Seifert conjecture in the b m -symplectic setting is the following. As a consequence of the plug construction, there are b m -symplectic manifolds with proper smooth Hamiltonians that do not admit periodic orbits on any level-set. Once more, our construction replaces periodic orbits by singular periodic orbits. The authors believe that techniques, similar to [Gin1, GG] can be adapted to give examples of level-sets of b m -symplectic manifolds containing no singular periodic orbit. This would be a counter-example to the singular Hamiltonian Seifert conjecture.
Conjecture 13.5. Let (M, ω) be a b m -symplectic manifold. There exists H ∈ C ∞ (M ) proper, smooth Hamiltonian whose level-sets do not contain any singular periodic orbits.
FINALE
We end up this article with a conjecture and an approach towards singular symplectic and contact topology.
In Part 2 we have addressed the problem of existence of singular contact structures. Theorem 10.4 provides an answer on the existence of b m -contact structures using contact geometry in its full force. In particular existence is proved for manifolds that already admit a contact structure (used in the proof) but the existence of singularities might relax some of the obstructions existing in the realization problem in contact geometry. Specifically, it is natural to ask whether the existence of an almost contact structure is really necessary to prove the existence of a b m -contact structure. This is indeed a déjà vu for symplectic geometers as the topological obstructions relax when the symplectic structures in consideration are allowed to vanish on a hypersurface (as it is the case of folded-symplectic manifolds): Cannas da Silva proved in [C] that every orientable 4-manifold admits a folded-symplectic structure (in particular S 4 admits a folded-symplectic structure and no symplectic structure). In higher dimensions Cannas da Silva proved that any orientable 2n-manifold admitting an stable almost complex structure admits a folded-symplectic manifolds. Folded-symplectic manifolds are particularly close to b m -symplectic manifolds: Not only in [BDMOP] this apparent duality is exhibited in actual examples from Celestial Mechanics but also any given b 2k+1 -symplectic manifold is a folded-symplectic manifolds in view of the desingularization procedure in [GMW] . It might be possible to prove existence of b m -contact structures relaxing the almost-contact condition for dimensions higher than three 2 . Furthermore Section 13 concludes that the counterexample to Weinstein conjecture in the singular contact category is, in a way, highly circumstantial as the singularities are transferred from the singular form to the orbit. This counterexample opens the door to an exciting brave new world which we are eager to explore: Can these solutions be accepted as "periodic orbits" in the singular context and thus can Weinstein's conjecture be reformulated in those terms? Can the Rabinowitz machinery in [Ra] be extended to this set-up? Can a Floer complex be built upon the critical points corresponding to periodic orbits with marked singular points? Understanding these questions is an endeavour that leads to a paramount extension of the Floer techniques to the barely unexplored land of singular symplectic and contact topology and, in particular, ventures into Poisson topology.
APPENDIX A. CONTACT MANIFOLDS AS JACOBI MANIFOLDS
It is well-known that every contact manifold is a particular case of Jacobi manifold, see [V] . Indeed, if (M, α) is a contact manifold, then (M, Λ, R) is a Jacobi structure, where R is the Reeb vector field and the bi-vector field Λ is defined by Λ(df, dg) = dα(X f , X g ), where X f , X g are the contact Hamiltonian vector fields of f and g. We give an alternative way to compute the Jacobi structure associated to the contact structure.
Let us denote the bi-vector field, dual to dα, by Π. Furthermore, we denote by X a Liouville vector field relatively to dα, i.e. L X dα = dα. Eventually, we define the bi-vector field (A.1) Λ = Π + R ∧ X.
We have the following identities: Here, the first term is zero. The second term, using a well-known identity of the Schouten-bracket, gives us 2[Π, R ∧ X] = 2[Π, R] ∧ X − 2R ∧ [Π, X] = 0 + 2R ∧ Π = 0. For the third term, using the same identity, we obtain
APPENDIX B. LOCAL MODEL OF JACOBI MANIFOLDS
We recall local structure theorems of Jacobi manifolds, proved in [DLM] . Let us first introduce some notation.
•
Theorem B.1 ( [DLM] ). Let (M m , Λ, R) be a Jacobi manifold, x 0 a point of M and S be the leaf of the characteristic foliation going through x 0 .
If S is of dimension 2q, then there exist a neighbourhood of x 0 that is diffeomorphic to U 2q × N where U 2q is an open neighbourhood containing the origin of R 2q and (N, Λ N , R N ) is a Jacobi manifold of dimension m − 2q. The diffeomorphism preserves the Jacobi structure, where the Jacobi structure on U 2q × N is given by R U 2q ×N = Λ N , R U 2q ×N = Λ 2q + Λ N − Z 2q ∧ R N . If S is of dimension 2q + 1, then there exist a neighbourhood of x 0 that is diffeomorphic to U 2q+1 × N where U 2q+1 is an open neighbourhood containing the origin of R 2q+1 and (N, Λ N , R N ) is a homogeneous Poisson manifold of dimension m − 2q − 1. The diffeomorphism preserves the Jacobi structure, where the Jacobi structure on U 2q × N is given by
